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Abstract A two dimensional 3rd order positive-definite conservative advection model is developed in this study based on the novel
3-point multi-moment constrained finite-volume scheme for uniform points with center constraints (MCV3_UPCC). In the context of
3-point multi-moment finite volume method, three equidistant solution points are defined within a single cell and the time evolution
equations can be obtained by flux form formulation. The multi-moment constraints in this novel scheme are imposed at the cell center
on the point value, the first and second order derivatives, and a polynomial of 4th degree can then be reconstructed in a single cell.
The resulting MCV3 UPCC scheme has 3rd order accuracy and ensures the exact numerical conservation due to the continuity of the
flux function at cell interfaces. To suppress the numerical oscillations and the positivity of certain physical quantities, the bound-
preserving limiting projection is introduced into the new MCV3 UPCC scheme, which satisfies the minimum and maximum
principle. The new positive-definite conservative advection model is validated by widely used benchmarks. The presented transport
model has a good accuracy in comparison with other existing high-order models, and it has the potential to be applied in real moist
transport model.
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# 1 MCV3_UPCC friftiz 2= Fle s B 1

Table 1 Numerical errors and convergence rates of the 1D linear scalar equation of MCV3_UPCC scheme

R K L% LB Lyl LBk LR LB
10 1.099x107 1.100x1072 1.099x10
20 1.368%107 3.00 1.368x1073 3.00 1.371x10°2 3.00
40 1.703x10°* 3.00 1.703x10°* 3.00 1.704x10* 3.00
80 2.124x10°° 3.00 2.124x10°° 3.00 2.125%10°° 3.00
160 2.653x10° 3.00 2.653x10°° 3.00 2.653x10°° 3.00

#2 MCV3_UPCC_BP FrifEiR 22 Fl 8 o
Table 2 Numerical errors and convergence rates of the 1D linear scalar equation of
MCV3 UPCC scheme with BP filter

Wk K LRz Lk Lyirde LirE LiR% L5
10 1.098x107 1.115x107 L151x10
20 1.369x107 3.00 1.370x107 3.02 1.398x107 3.04
40 1.704x107 3.00 1.704x10°* 3.00 1.718x10°* 3.02
80 2.125x10°° 3.00 2.125%10°° 3.00 2.199x10°° 2.96
160 2.653x10°° 3.00 2.656x10°° 3.00 3.277x10°° 2.74

223 IESZBIMYE bR UE R 22 A (E (#218 Blossey %5 (2008) i 56 (1% 2255 1)
Table 3  Errors and maximum/minimum values of advection of sum of two sine waves
(According to the method of Blossey, et al, (2008))

Bt By E, % o o
MCV3 0.06469 0.12300 0.9739 -0.9747
MCV3_UPCC 0.03585 0.06502 0.9841 —-0.9821
MCV3_UPCC_BP 0.03608 0.06688 0.9727 —0.9727

1.0

0.5 |

E 3 IEZEMPRE (a. MCV3, b. MCV3_UPCC, c. MCV3_UPCC BP)
Fig.3 Sum of 7.5 and 10 Ax sine waves experiments(a. MCV3, b. MCV3_UPCC, c. MCV3_UPCC_BP)
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Fig. 4 The positive parts of sum of 7.5 and 10 Ax sine waves experiments(a. MCV3, b. MCV3_UPCC, c.
MCV3_UPCC_BP)
F 4 IR IE 3% B AR HE R 22 MR MEL (4 B8 Blossey %5 (2008) i h i 1R 22 53 )
Table 4 Errors and maximum/minimum values of advection of sum of 7.5 and 10 4x positive sine waves
(According to the method of Blossey, et al, (2008))
iy Ezi;éﬁ E %25 Gmax 9min

MCV3 0.08759 0.1840 0.9781 —7.8085x1072

MCV3_UPCC 0.06496 0.1207 0.9907 —7.4397%107*

MCV3_UPCC_BP 0.06098 0.1391 0.9727 —3.4694x107"

. . o ) 1 [x<04
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Fig. 5

The square wave experiments (a. MCV3, b. MCV3_UPCC, c. MCV3_UPCC_BP)
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R 5 —HETT PR LR 22 AR A

Table 5 Errors and maximum/minimum values of advection of a square wave in 1D
#% LiiR#E LyiR#E L R Tmax 9min
MCV3 0.035425 0.085082 0.3664 1.1296 -1.296x10"
MCV3_UPCC 0.029940 0.077023 0.3382 1.2012 —2.012x10™"
MCV3_UPCC_BP 0.024208 0.075610 0.3371 1.0000 —6.938x107"*
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il 5 8 0% A 2 R, I REAE 7 i ik o A b 4
ASULEL ™A% 5 T E 400 s 1 %) B KB R e /M 22 1
3.4 THEISMEIRLE

SRR R A I

q(x,y,0) = sin(n(x+y)) x€[-1,1],ye[-1,1] (32)

W Fu=1,v=1J8Mr=2, 55 &R
I A, PERIECR 0.1

BH IR L5 R a3k 6 i, WK a] A, MCV3_
UPCC Jy £3R4% T =Bt 8 8, I B L MCV3 Jf

1

q(x,y,0) =1 1-15n,)

0

KA, r= J@+0.67+)2, 1= (x=0.6+)2, r;=

\/x2+(y—0.6)2, G(r,B)=e?*", F(r,a)= ymax(1-a?r?),

%(F(m +0,a)+ F(r;—6,a) +4F(r3,a))

FREW/NT —2F., MCV3_UPCC kgl AR
PRI BRI 28 5, X015 22 JL-F- WA 52 ), LB 20k
B, LMLA I, 54085045 5 56 2 — 3.
3.5 ZTHEZUEIRAK

R T 56U BB AK X [ A A 2R O Vi R TR] W Ak
ff YRR T, — 2 2 2% I fe L i Jiang %5 (1996)
PR, 1A (2009) # B HE)T 2= 48, X 50 t s b
W 7 2 =AU RN AR TR IR A T, o

Mﬁﬁ{ D)= =20 g b 11 X[, 1,
v(x,y) =2nx

12X 56 B[] Sk — A1k [B) ) B, A% A 100% 100, B
[\ KA 1500 25, WIth 3545745 R

1
E(G(rl +0,6)+G(r; —6,8) +4G(r,B)) |n|<0.2

1/ <0.2,-0.7<y<—-0.3
7] < 0.2 (33)

Irs] < 0.2
oAt
§=0.01, @ =5, B=1n2/(366%).

ME 6 R IEH, MCV3 UPCC LA MCV3
D7k —HE, #RTE SR ] W7 Ak BT BUE IR, JF L
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Table 6 Numerical errors and convergence rates of the 2D linear scalar equation

1% L% L& Ly LBig LR LS
10 4.3164x107 4.1639x107 4.3164x107
20 5.4950x10° 297 5.4436x10° 2.93 5.4263x10° 2.99
Mevs 40 6.900x10™* 2.99 6.8840x107* 2.98 6.8782x107* 2.99
80 8.6418x107° 2.99 8.6366x10°° 2.99 8.6348x10°° 2.99
10 2.3037x102 2.2830x1072 2.3037x1072
20 2.8627x107° 3.00 2.8568x107 2.99 2.8566x107° 3.01
MCV3_TRCC 40 3.5608x10°* 3.00 3.5590x10°* 3.00 3.5590x10* 3.00
80 4.4403x10° 3.00 4.4398x107 3.00 4.4397x10° 3.00
10 2.727x107 2.635x107 2.743%10°
20 2.835x10° 3.26 2.928x10° 3.17 3.323x10° 3.04
MEV3_UPCC.BP 40 3.560x10™ 2.99 3.661x10™ 2.99 5.019x10™ 2.73
80 4.440%10° 3.00 4.893x10°° 2.90 1.037x10 228
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Fig. 6 The complex waves experiment (a. the initial field of complex waves, b. MCV3, ¢c. MCV3_UPCC, d. MCV3_UPCC_BP)
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Table 7 Errors and maximum/minimum values of advection of complex waves

Heat Lyt Ly L% Fmax Gmin

MCV3 0.14920 0.16966 0.30347 1.1637 —1.325x10"
MCV3_UPCC 0.11888 0.14806 0.27518 1.5092 -3.827x10™"
MCV3_UPCC_BP 0.099466 0.14813 0.27699 1.0000 —-1.839x10°'°
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Fig. 7 The cut-cylinder rotation experiment: (a) the initial distribution of cut-cylinder rotation; (b), (¢) result of
MCV3_UPCC scheme after 1 and 10 period, respectively; (d), (¢) results of MCV3_UPCC scheme with
BP filter after 1 and 10 period, respectively
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Table 8 Errors and maximum/minimum values of advection of cut-cylinder rotation experiment

{50 Ly L7 L iR Fmax Gmin

MCV3_UPCC 0.1209 0.1444 0.4068 15751 ~5.683%10""

MCV3_UPCC_BP 0.07627 0.1244 0.3906 1.0000 ~5.551x10°"

s , . u(x,y,t) = sin’*(mx) sin(2my) cos (mz/5)
1, ZiR W ih L , (37)
v(x,y,t) = —sin”(mty) sin(2mx) cos (nt/S)
1
s 9t == 1 35 v N ZE 2 N .

ol ,1) = 5 11+ cos ()] (35) e 57 b 4 52 S8 15 0 5 M O R
A t = 2.5 B 2] 38 AR 1l = B AR TR R A SR R )

2 y i3, TEr = SIHEE A BR IR AR, X T — M09 IE
0y :min{1,4[(x_l) +(y_l) ] } (36) S RAT W IR, fE Rl 8 Z 1 A5 T i g o AR o

4 4
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Fig. 8 (a) The initial field, (b) the result of MCV3_UPCC scheme after 1 period in 5050 mesh, (¢) the result of
MCV3_UPCC scheme after 1 period in 100x100 mesh
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Fig.9 The deformational flow experiment: (a), (b) the result of MCV3_UPCC scheme after #/2 and ¢, respectively;
(¢), (d)the result of MCV3_UPCC scheme with BP filter after #/2 and ¢, respectively
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#£ 9 A TIAEIRZE M KA . f/ME (318 Skamarock(2006) i3 iR 25 8 3 )

Table 9 Errors and maximum/minimum values of advection of deformational flow experiment
(According to the method of Skamarock(2006))
*ﬁ ﬁ Ezi%EE‘ Ewi%z% Imax Ymin
MCV3_UPCC 0.04060 0.1955 1.0277 —8.6954x107
MCV3_UPCC_BP 0.04128 0.1670 1.0000 —-3.4694x107"
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